Abstract. We apply the Tian-Todorov method, proving the Bogomolov smoothness theorem (for deformations of compact Kähler manifolds) to deformations of the regular part of a Stein space with a finite number of isolated singular points. By the argument based on the Hodge structure on a strongly pseudo-convex Kähler domain or on a punctured Kähler space, we obtain an unobstructed subspace of the infinitesimal deformation space.
Introduction
In this paper, we will consider Bogomolov-type smoothness on deformations of the regular part of a normal isolated singularity. In [B] , F. Bogomolov showed the following new smoothness theorem for the versal family of n-dimensional compact Kähler manifold: If there exists a non-vanishing holomorphic (n,0)-form, or if there exists a non-degenerate holomorphic (2,0)-form and b 1 = 0, then the versal deformation space of that Kähler manifold is smooth. G. Tian and A. Todorov rephrased it in order to show the smoothness of the moduli space of compact CalabiYau manifolds ( [Ti] , [To] ). Our aim is to consider smoothness of this type in the case of deformations of a normal isolated singularity. Since the smoothness of the versal family is a problem of formal deformation theory and the formal deformation theory of an isolated singularity is equivalent to that of its regular part if the depth of the singularity is greater than or equal to 3 (cf. [S] ), we will consider formal deformations of the regular part of an isolated singularity. Let V be a normal Stein space with a finite number of isolated singular points S := {p 1 , . . . , p k }, π : X → V a resolution of singularities, and denote E := π −1 (S) . Then X is a strongly pseudoconvex Kähler manifold with an exceptional subset E. Let r : X → [−∞, +∞) be a strictly plurisubharmonic exhaustion function such that E = Ω , where Ω := {x ∈ X | r(x) < }. We may assume that dr = 0 on Ω a \ E and outside Ω b for some a ≤ b.
We consider deformations of U := X \ E. As was shown in [Ak-M] , even if K U is trivial, the (formal) versal family of deformations of U is not necessarily smooth. In fact, there might be an obstructed infinitesimal deformation class in H 1 (U, Θ U ).
So, in this paper, we will consider unobstructedness of a subspace of H 1 (U, Θ U ), where we call a subspace unobstructed if there exists a formal smooth family whose infinitesimal deformation space coincides with that subspace.
The main reason for the failure of the analogue of the Bogomolov smoothness theorem in the case of deformation of U is the non-existence of pure Hodge structure on H * (U, C). However, since there exists a pure Hodge structure of weight ≥ n + 1 on H * (Ω c , C), n = dimV (cf. [D] , [O1] , [O-T]), we can expect some effect on deformations of U . The following is the main theorem.
Theorem A. Suppose that there exists an effective divisor
is unobstructed, where we denote
Since any relatively compact Stein domain of V can be completed to a projective variety (cf. [Ar] , [L] 
We will prove these theorems in § §2 and 3. Our proof is an analogue of the TianTodorov argument and depends on the Hodge structures stated above. Hence, in §1, we will derive the key properties for that argument from the Hodge structure on Ω c or on X (Corollary 1.4). In §4, we will mention briefly an example discussed in [M] .
I would like to thank Professors T. Ohsawa and M. Tomari for helpful discussions in this work. In particular, the proof of Proposition 1.3 is due to Professor T. Ohsawa. §1. ∂∂-lemma and I n−1,1 X = H n−1,1 X Let X be a complex manifold with dim C X = n. Consider the double complex (A p,q X , ∂,∂). The Tian-Todorov method heavily depends on the Hodge structure about this double complex, in particular on the following two properties: 
In this section, we will discuss the property I p,q X = H p,q X and the ∂∂-lemma on a strongly pseudo-convex Kähler domain Ω c or on a punctured Kähler space X . The Hodge structure on Ω c (resp. on X ), established in [O1] (see also [D] , [O-T] ) (resp. in [O2] ), asserts the existence of ϕ
Remark. The condition (1.6) is superfluous; in fact, it follows from (1.3)-(1.5).
Lemma 1.1. Let k ≥ 1 and suppose that there exist ϕ 
by (1.2) again. Repeating this argument, we have
On the other hand, applying the above argument to ∂y p−1,q , we havē 
Proof. We use the same notation as in the proof of Lemma 1.
holds, we have
Since dϕ p+q−n−1,n = 0, if we set Ωc holds for (s, t) with s + t = n and t ≥ 1. Proof (due to T.Ohsawa). We use the same notation as in the proof of Lemma 1.1. We introduce a complete Kähler metric over Ω c associated to the Kähler form ω − √ −1∂∂log(c − r), where ω denotes the Kähler form on X. Then it is proved in [O1] that the following hold:
is an isomorphism, we may assume that α p,q can be extendable to X. By (i) and (ii), we have that ∂α p,q is an L 2 -form, and ∂α p,q = dy for some C ∞ and L 2 -form y on Ω c . Let y = y 0,n + y
Ωc . By (iii), we can find γ 0,n−1 ∈ 
In this section, we consider deformations of Ω c and their effect on deformations of U := Ω c \ E. We remark that, since the (formal) deformation theories of Ω c and Ω c \ E are both independent of c ∈ (−∞, a) ∪ [b, ∞) and we consider V as a germ of complex space at S, we may consider Ω c instead of X; hence we may assume that Corlllary 1.4 (1) holds on X. Then, the following analogue of the Bogomolov smoothness theorem is clear. 
Proof. Since ι(φ) = ω φ, we have an isomorphism
Then by direct calculations, we have (2.1) If φ ∈ A 0,1
X (T X(−D)).
And by the same calculations as in [Ti] or [To] , we have (2.3)∂ι = ι∂.
. By Corollary 1.4 (1), we can choose {α
Then, by the same argument of [Ti] or [To] , we can construct a formal power series α(s)
Hence if we set φ(s)
This completes the proof of Theorem 2.2. §3. Proof of Theorem B
In this section, we consider deformations of X and their effect on deformations of U . By Corollary 1.4 (2), the following analogue of the Bogomolov smoothness theorem is clear. (Note that all holomorphic (2,0)-forms on X are d-closed by Corollary 1.4 (2).) Theorem 3.1. If there exists a non-degenerate holomorphic (2, 0)-form on X , then the space H 1 (X , Θ X ) is unobstructed for deformations of X .
Next, we suppose that there exists a non-degenerate holomorphic (2, 0)-form ω on U which is extendable to a closed meromorphic (2, 0)-form on X such that (ω ij ) has a holomorphic inverse, where we denote the meromorphic (2,0)-form by ω = 
is unobstructed.
Proof. Since ι(φ) = ω φ, we have homomorphisms
and
and ∂ξ = ∂η = 0, we have
On the other hand, since ι
Hence (2) Then by the same argument as in §2, we have a formal power series α(s)
Hence, if we set φ(s)
This completes the proof of Theorem 3.2. §4. Examples (Deformations of quasi-Gorenstein cone singularities)
We consider deformations of quasi-Gorenstein cone singularities as an example of our argument. For detailed discussion, see [M] . Let Y be a projective algebraic manifold and π : F → Y a negative line bundle. We denote by X the total space of F , by D 0 the 0-section of F and U := X \ D 0 .
Example 4.1. We suppose that the canonical line bundle K U is trivial. Then K Y F µ for some µ ∈ Z.
(1 Example 4.2. Let Y := P(T * P n ) (n ≥ 2) and F the dual tautological line bundle. We denote byX the associated P 1 -bundle and by D ∞ the ∞-section. Then X := X \ D ∞ is a special case of Example 4.1 (1) and X :=X \ D 0 is a punctured Kähler space. Since there exists a closed meromorphic (2,0)-form on X which is non-degenerate and holomorphic on U and having a holomorphic inverse on X , by Theorem B, the space Im(H 1 (X , Ω 1 X ) → H 1 (U, Θ U )) is unobstructed.
Remark. In either case of these examples, the above unobstructed subspace of H 1 (U, Θ U ) induces an unobstructed subspace of Ext 1 (Ω 1 V , O V ), where we denote by V the germ of a normal complex space obtained by contracting D 0 .
